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Plasma Perturbations and Cosmic Microwave
Background Anisotropy in the Linearly
Expanding Milne-like Universe
S.L. Cherkas and V.L. Kalashnikov
Abstract We expose the scenarios of primordial baryon-photon plasma evolution
within the framework of the Milne-like universe models. Recently, such models find
a second wind and promise an inflation-free solution of a lot of cosmological puzzles
including the cosmological constant one. Metric tensor perturbations are considered
using the five-vectors theory of gravity admitting the Friedmann equation satisfied
up to some constant. The Cosmic Microwave Background (CMB) spectrum is cal-
culated qualitatively.
1 Introduction
Present universe is transparent for photons, but it was not the same before the hy-
drogen recombination at the red-shifts of z ≈ 1100 1, when it was filled with the
photon-baryon plasma. Protons and electrons were coupled to the radiation through
the Compton scattering by electrons which in turn are coupled to the baryons by
Coulomb interaction [1,3]. Such primordial plasma perturbations were widely con-
sidered in cosmology, and their fingerprints depend on a law of the universe expan-
sion that is the crucial point for our further analysis.
Recently, the Milne-like cosmologies considering the linearly expanding (in cos-
mic time) universe models [4, 5] again attract an attention [6–15]. Instead of the
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1 z is the red-shift parameter used as a measure of cosmological time and distance: z+1= a0/a(η),
where a0 is the present scale factor value, and a(η) is the scale factor at some earlier photon
emission time τ [1, 2].
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original open and empty Milne universe model [4, 5] 2, the flat universes filled with
some exotic matter are considered. It seems reasonable to associate such “a primor-
dial matter fluid” with the vacuum [16].
We will consider the perturbations of plasma consisting of photons, baryons,
and electrons in a linearly expanding (Milne-like) universe with taking into account
the metric tensor and vacuum perturbations. Here, we will use the oversimplified
model of plasma as a pure radiation, i.e., a substance with the equation of state
w = 1/3 3, to obtain an analytical solution. This approximation is admissible be-
cause initially, the temperature is sufficiently large to consider all the particles as
a relativistic fluid. Then, the particles decay eventually to the photons, electrons,
and baryons. According to observations number of photons is of 109 times larger
than that of nucleons and electrons. Thus, the nucleons contribute at only the late
stage of the universe evolution. We will base our analysis of the metric tensor per-
turbations, which contribute to the primordial plasma formation, on the five-vectors
theory of gravity [18]. The quantization of this model could resolve the problem of
huge vacuum energy [19] and allow omitting its main part 4.
2 Perturbations of Plasma and Vacuum
We expose the perturbation theory for primordial photon-baryon plasma, vacuum
and metric tensor. Vacuum issues the well-known challenge for quantum or, at least,
semiclassical theory [16, 19–22]. Here, we will consider a vacuum purely classi-
cally, that is as a substance producing the linear expansion of the universe in the
framework of the developed theory [18] which admits adding or extracting some
constant to the energy density.
2.1 Underlying Gravity Theory
The conventional theory of the CMB spectrum is the General Relativity theory (GR)
(e.g., see [2]). In the case of the Milne-like cosmology, the issue is more compli-
cated, because an origin of linear universe expansion is not clear. As was shown,
such linear expansion could arise from the residual vacuum fluctuations of quan-
tized fields including the scalar and gravitational ones after omitting the main part
of huge vacuum energy [16]. As was mentioned above, the mystery of cosmolog-
ical vacuum is among the critical issues of modern physics [19, 21, 22]. Below we
2 The universe proposed initially by Milne describes an open and empty (i.e., Minkowski) space-
time which expands linearly with time [1, 4, 5]. It is negatively-curved spatially (i.e., hyperbolical
in 3-dimensions) but is “flat” in 4 (i.e., spacetime)-dimensions.
3 We use a classical definition for the equation of state parameter w corresponding to a perfect
fluid, that is the ratio of pressure to density [17].
4 Below, the system of units h¯= c= 1 will be used, and we define the present scale factor as a0 = 1.
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will use the theory which validates omitting the vacuum extra-energy and, besides,
provides obtaining the analytical solutions.
Let’s start from the Einstein-Hilbert action for GR in the form of [23]:
S=−M
2
p
12
∫
G
√−gd4x, (1)
where G = gαβ
(
Γ
ρ
ανΓ
ν
β ρ −Γ ναβΓ
ρ
νρ
)
, andMp is the Planck mass, which is chosen as
Mp =
√
3
4piG .
The next step is a violation of the general coordinate covariance principle in (1)
according to the Milne’s perception of the principally different concept of time in
GR and quantum mechanics [24–26], so that we will consider the restricted class of
metrics gµν in the form of
ds2 ≡ gµνdxµdxν = a2 (1− ∂mPm)2 dη2− γi j(dxi+Nidη)(dx j+N jdη), (2)
where γi j is the induced three metric, a= γ
1/6 is the scale factor defined locally, and
γ = detγi j. A spatial part of the interval (2) can be written as
dl2 ≡ γi jdxidx j = a2(η ,x)γ˜i jdxidx j, (3)
where γ˜i j = γi j/a
2 is a matrix with the unit determinant. The interval (2) is analogous
to the the ADM one [27], but the expression 1− ∂mPm is used instead of a lapse
function, where ∂m is a partial derivative and P
m is a three-vector. Varying the action
over vectors P, N and three metric γi j leads to the equations of the five-vectors
theory (FVT) [18]:
∂gµν
∂γi j
(
(∂G
√−g)
∂gµν
− ∂
∂xλ
∂ (G
√−g)
∂ (∂λg
µν)
− 6
M2p
Tµν
√−g
)
= 0,
∂gµν
∂Ni
(
∂ (G
√−g)
∂gµν
− ∂
∂xλ
∂ (G
√−g)
∂ (∂λgµν)
− 6
M2p
Tµν
√−g
)
= 0,
∂gµν
∂ (∂ jPi)
∂
∂x j
(
∂ (G
√−g)
∂gµν
− ∂
∂xλ
∂ (G
√−g)
∂ (∂λgµν)
− 6
M2p
Tµν
√−g
)
= 0. (4)
Eqs. (4) areweaker than the GR ones. At the same time, the restrictions∇(∇ ·P) = 0
and ∇(∇ ·N) = 0 on the Lagrange multipliers arise [18]. In the particular case of
∇ ·N = 0, the Hamiltonian constraint is satisfied up to some constant.
The next step is to develop a theory for the scalar perturbations in the gauge of
P = 0, N = 0:
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ds2 = a(η)2(1+ 2A)
(
dη2−
((
1+
1
3
3
∑
m=1
∂ 2mF
)
δi j− ∂i∂ jF
)
dxidx j
)
. (5)
An interval (5) is a particular form of the interval (2) up to the higher order terms in
F(η ,x) by virtue of
ln
[
det
((
1+
1
3
∑
m
∂ 2mF
)
δi j− ∂i∂ jF
)]
≈ tr
((
1
3
∑
m
∂ 2mF
)
δi j− ∂i∂ jF
)
= 0.
Writing Eqs. (4) up to the first order relatively A(x,η) and F(x,η) leads to the
required perturbation theory.
2.2 Energy-Momentum Tensor
As was above mentioned, we violate eventually the general coordinates’ transfor-
mation invariance by the restriction of the metrics’ class by representing them in the
form of (2). To built the energy-momentum tensor in the field theory, one should
write the corresponding special relativistic expression and then change the partial
derivatives to covariant ones. Using a hydrodynamic approximation is more conve-
nient. In this framework the energy-momentum tensor is
Tµν = (p+ρ)uµuν − pgµν . (6)
The equations of motion for some fluid in the GR can be obtained from both the
equations of motion of the fluid point-like components and the conservation of
the energy-momentum tensor DµT
µν = 0, where Dµ is a covariant derivative. In
FVT, the energy-momentum tensor conserves only in the Minkowski space-time.
However, one can deduce the equation of motion for fluid from the conservation
of energy-momentum tensor by virtue of the Eqs. (4) self-consistency in the par-
ticular gauge (5). Below, we will consider the scalar perturbations of a fluid c
(the index c denotes a kind of fluid) in the form of ρc(η ,x) = ρc(η)+ δρc(η ,x),
pc(η ,x) = pc(η)+ δ pc(η ,x) and represent the 4-velocity in the form of
uµc =
1
a(η)
{(1−A),∇vc(η ,x)}, (7)
where vc(η ,x) is a scalar function.
2.3 Zero-Order Equations
The zero-order evolution equation for logarithm of the scale factor α(η) = lna(η)
takes the form
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α ′′+α ′2 =M−2p e
2α(ρ − 3p), (8)
where ρ = ∑c ρc and p = ∑c pc are uniform energy density and pressure, respec-
tively. Summation is performed over all the kinds of matter, but here we will con-
sider only vacuum c = v and radiation c = r. For every component of a substance,
the equation of motion is:
ρ ′c+ 3α
′(ρc+ pc) = 0. (9)
Pressure of a fluid is connected with the energy density as pc = wcρc (see the foot-
note 3 above and Ref. [17]). It is worth mentioning that the Friedmann equation is
satisfied only up to some constant in the framework of the model considered:
M−2p e
4α ρ(η)− 1
2
e2αα ′2 = const, (10)
that is the integral of motion of Eqs. (8), (9).
As was shown [28], the residual vacuum fluctuations can explain a nearly-linear
universe expansion. Here, for simplicity, we will use an empirical consideration. Let
us analyze a linear universe expansion that means a(η) = Bexp(H η) in conformal
time, and find the corresponding empirical equation for the vacuum state. The very
simple equation of state arises if we set a constant in the Friedmann equation (10)
so that
M−2p e
4α ρv− 1
2
e2α α ′2 = 0. (11)
It is possible because ρre
4α is also constant. Under such choice of a constant, the
equation of the vacuum state will be wv = −1/3. This equation of state is widely
discussed earlier [9, 10, 14]. One may obtain from Eq. (9) ρve
2α = const for the
vacuum, that results in (see Eq. (11)):
a(η) = exp(α(η)) = Bexp(H η) , (12)
where B is some constant. In the cosmic time dt = a(η)dη
a(t) = H t, (13)
i.e., it is a linear expansion of the universe.
2.4 Perturbations
Introducing the quantity Vc = (pc+ ρc)vc for every fluid c and expanding all per-
turbations into the Fourier series δρc(x) = ∑k δρcke
ikx... etc. result in the equations
for perturbations:
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−6A′k+ 6Akα ′+ k2F ′k +
18
M2p
e2α ∑
c
Vck = 0, (14)
−18α ′A′k − 18Akα ′2− 6k2Ak + k4Fk +
18
M2p
e2α ∑
c
δρck + 4Ak ρc = 0, (15)
−12Ak− 3
(
F ′′k + 2α
′F ′k
)
+ k2Fk = 0, (16)
−9(A′′k + 2α ′A′k)− 18Akα ′′− 18Akα ′2− 9k2Ak + k4Fk
− 9
M2p
e2α ∑
c
4Ak(3pc−ρc)+ 3δ pck− δρck = 0, (17)
−3α ′(δ pck + δρck)− 3A′k(ρc+ pc)− δρ ′ck + k2Vck = 0, (18)
(ρc+ pc)Ak + 4Vckα
′+ δ pck +V ′ck = 0. (19)
The last two equations, obtained from the energy-momentum conservation, are as-
sumed to be valid for every c-substance under consideration. The choice of the con-
stant in Eq. (10) is arbitrary. The constraint equations (14) and (15) are consistent
with the other equation under this arbitrary choice.It is not true in a perturbation the-
ory within the framework of GR, where a perturbation of the constraint equations
is consistent with other equations only if a sum of the mean densities of all fluids
equals the critical density (for the flat universe). Here we consider the flat universe
in a mean, but the sum of the mean densities is determined up to some constant,
and nevertheless, all the equations for perturbations are self-consistent. With that
chosen constant in Eq. (10), the radiation does not affect the universe expansion and
the equation of state wv = −1/3 for the vacuum results in linear expansion of the
universe. Thus, the equations of state are wv = −1/3 for the vacuum and wr = 1/3
for the radiation 5.
Such choice of the constant in (10) is an invention expired by the existence of the
analytical solution in this case. The above system of the equations can be reduced
to a single linear equation with the constant coefficients under the assumption of
a(η) = Bexp(H η) and ρr =
ρr0
a4(η)
, where ρr0 is a density of radiation at the present
time:
9δρ
(4)
rk
+ 6
(
30H δρ
(3)
rk
+
(
222H 2+ k2
)
δρ ′′rk + 10H
(
72H 2+ k2
)
δρ ′rk
)
+
(
48H 2+ k2
)(
108H 2+ k2
)
δρrk = 0. (20)
That allows obtaining the solution for the perturbation of radiation density:
δρrk = e
−6ηH
(
C1e
−i ηk√
3 +C2e
i
ηk√
3
)
+ e−4ηH
(
C3e
−i ηk√
3 +C4e
i
ηk√
3
)
. (21)
For a “flux” of the radiation fluid Vrk , we have
Vrk =
B2H Mp
2
6kρr0
e−4ηH
(
C1
(
k− i
√
3H
)
e
−i ηk√
3 +C2
(
k+ i
√
3H
)
e
iηk√
3
)
. (22)
5 δ pck = wcδ ρck is assumed, as well.
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Other functions Ak , Fk , δρvk , Vvk found from the system (14)- (19) are presented in
Appendix.
The constants C1,C2,C3,C4 have to be determined from the initial conditions.
The constants Z1,Z2 (see Appendix) do not contribute to the radiation density per-
turbations. Thus, we will equal them to zero. Indeed, it is reasonable to assume that
an empty universe (i.e., filled by the only vacuum) has no any rising physical pertur-
bation, and only perturbations connected with the radiation over the vacuum have a
physical meaning. For simplicity, we assume that the only perturbations of radiation
density δρrk(ηin) are non-zero initially, where ηin is an initial moment in conformal
time.
Then, the solutions of the perturbation theory equations take the form:
δρrk(η) = e
4H (ηin−η)
(
4
√
3H sin
(
k(η −ηin)√
3
)
(23)
+k cos
(
k(η −ηin)√
3
))
δρrk(ηin)/k, (24)
Vrk(η) = 0, Ak(η) =−
B4e4ηH
4ρr0
δρrk(η), (25)
Fk(η) =−
3B4e4H ηin
2k2ρr0 (3H 2+ k2)
((
12H 2+ k2
)
cos
(
k(η −ηin)√
3
)
+3
√
3H k sin
(
k(η −ηin)√
3
))
δρrk(ηin), (26)
Vvk(η) =
B2H 2Mp
2e4H ηin−2ηH
12kρr0 (3H 2+ k2)
(√
3
(
12H 2+ k2
)
sin
(
k(η −ηin)√
3
)
−9H k cos
(
k(η −ηin)√
3
))
δρrk(ηin), δρvk(η) = 3H Vvk(η). (27)
The quantities Vvk(η) and δρvk(η) will not be needed for the CMB spectrum cal-
culations and will not be considered further.
2.5 “Gauge Invariant” Variables
The issue is that the metric (5) has not a typical form of
ds2 = a2(η)
(
(1+ 2Φ(η ,x))dη2− (1− 2Ψ(η ,x))δi jdxidx j
)
, (28)
which appears in the conventional perturbation theory [1, 3] of GR. The compara-
bility of previous results with those of the GR conventional perturbation theory can
be provided by the “gauge invariant” densities, velocities and potentials [1]:
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δ˜rk(η) =
δρrk(η)
ρr(η)
− 2α ′(η)F ′k(η), v˜rk =
Vrk(η)
ρr(η)+ pr(η)
− F
′
k(η)
2
,
Φk(η) = Ak(η)+
a′(η)F ′
k
(η)+ a(η)F ′′
k
(η)
2a(η)
,
Ψk(η) =−
a′(η)F ′
k
(η)
2a(η)
−Ak(η)+
1
6
k2Fk(η). (29)
We could not work with the “invariant” potentials initially because the metric (28)
has not the form (2) and does not admit obtaining the consistent system of the
equations when the zero-order Friedmann equation is violated, i.e., satisfied up to
some constant (10). For our simplified approach, when only initial value of δρrk is
nonzero, the calculated “invariant quantities” are
δ˜rk(η) =
1
(3H 2+ k2)
((
12H 2+ k2
)
cos
(
k(η −ηin)√
3
)
+3
√
3H k sin
(
k(η −ηin)√
3
))
δrk(ηin),
v˜rk(η) =
1
4k (3H 2+ k2)
(
9H k cos
(
k(η −ηin)√
3
)
−
√
3
(
12H 2+ k2
)
sin
(
k(η −ηin)√
3
))
δrk(ηin),
Φk(η) = 0, Ψk(η) = 0, (30)
where we take into account that
ρr0
B4 exp(4H ηin)
= ρr(ηin) and δrk(ηin) =
δρrk(ηin)
ρr(ηin)
.
The potentials Φk ,Ψk are zero only because we use the simplified initial condition,
where δρrk is nonzero initially.
2.6 Silk Dumping
Electrons scatter the photons before the time of the last scattering surface. Al-
though we consider photon-electron-baryon plasma as some perfect medium with
the equation of state w = 1/3, the photon diffusion due to the Thompson scatter-
ing contributes to the electron-photon scattering process [2]. To estimate this (so-
called Silk dumping) contribution to the perturbations, we follow the methodology
of Refs. [1, 3] suggesting the suppression of the expressions (23),(25),(26),(27) and
(29) by the factor exp
(−k2/k2D), where kD is written as [1]
kD(ηr)≈
(
2
15
∫ ηr
0
dη
σTnea
)−1/2
=
(
2
15σTnb0
∫ ηr
0
a2dη
)−1/2
, (31)
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and σT = 6.65×10−25 cm2 is the Thompson cross section. The free electron density
ne before recombination equals to the baryon density and scales as ne = nb0a
−3,
where nb0 is the baryon present density
nb0 = Ωb
M2pH
2
2mp
(32)
expressed through a dimensionless quantity Ωb, a proton mass mp and a critical
density M2pH
2/2. Formally, for the dependence given by (12), an integration in
(31) has to begin from η =−∞. However, as was shown in [28], the universe started
from a power-law expansion changed by (12) afterward. It was also shown, that B is
of the order of 10−30. Under this condition, B does not play a role if the lower limits
of η equal−∞ or zero (the results are approximately the same in both cases).
Substituting the dependence (12) and the conformal time of the last scattering
surface ηr =
1
H
ln 10
−3
B
, that corresponds to the scale factor ar ≈ 10−3, into (31)
results in
kD(ηr) =
√
15σTnb0H × 103 ≈ 103
√
ΩbH . (33)
As one may see, plasma is closer to an ideal fluid for greater matter density. For
instance, the conventional value of Ωb = 0.03 results in the damping scale of kD ∼
170 in the units of H .
3 CMB Spectrum
In the previous section, we have considered the perturbation theory which describes
the evolution of the plasma (radiation) in the presence of the vacuum perturbations.
This evolution extends up to the “last scattering surface”, i.e., up to a moment when
the universe becomes transparent for radiation. Conformal time of the last scattering
surface ηr corresponds to the temperatures Tr ∼ 3000 K and the redshift zr ≈ 1100.
Describing the photons’ propagation from the last scattering surface to an observer
is insufficient to use hydrodynamic approximation so that the Boltzmann equation
is needed, which can be written in the form of
∂ f
∂η
+
dxi
dη
∂ f
∂xi
+
dpi
dη
∂ f
∂ pi
= St[ f ], (34)
where the right hand side St[ f ] represents the collision integral. If the distribution
function f is assumed to be a scalar, it would depend on xi and pi because the
photon number dN = f (xi, p j,η)dx
1dx2dx3dp1dp2dp3 is scalar according to the
Liouville theorem and the quantity dx1dx2dx3dp1dp2dp3 is scalar. The expressions
describing the photon propagation are
dpα
dλ
=−Γ αβ γ pβ pγ =−Γ αβ γgβ σgγδ pσ pδ ,
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dxα
dλ
= pα = gαβ pβ , (35)
where λ is an affine parameter along the photon trajectory. Using the last equa-
tion for the zero component dx
0
dλ =
dη
dλ = p
0 of derivatives with respect to λ allows
rewriting it in the terms of derivatives with respect to η .
Then, the Boltzmann equation can be reduced to the equation for a temperature
perturbation by substitution
f (xi, p j,η) =
1
exp
(
p0(η)
T0(η)
√
g00(1+Θ (n,x,η))
)
− 1
, (36)
where Θ(n,x,η) is a temperature contrast and a unit vector ni = pi/(∑
3
n=1 p
2
n). Fi-
nally, for the coefficients of the Fourier transformΘ(n,x,η) = ∑k Θk(η ,n)e
ikx cal-
culations with the metric (5) give
∂Θk
∂η
− ikµΘk− ikµAk +A′k+
k2
6
(
3µ2− 1)F ′k = τ ′(Θk−Θ0k− vbk µ), (37)
where µ = n ·k/k is the cosine of the angle between n and k, Θ0k(η) is the compo-
nent l = 0 of Θk(n,η) in the expansion of the Legendre polynomials
Θlk = i
l
∫ 1
−1
Pl(µ)Θk(µ)
dµ
2
, (38)
and vbk is the Fourier transform of the function determining baryon velocity. The
function τ(η) describes the photon Compton scattering by electrons: τ ′ =−σTnea,
where σT is a cross section of the Thomson scattering and ne is a free electron den-
sity. Before the last scattering surface, the photons are tightly coupled with electrons
and protons by the Thomson scattering, and the electrons, in turn, are tightly cou-
pled with baryons by the Coulomb interaction. As a consequence, any bulk motion
of the photons must be shared by the baryons. Although we do not consider baryons
explicitly, one may assume roughly that baryons and photons are in equilibrium and
thus [3]
vbk =−3iΘ1k(η). (39)
Further, the monopole Θ0k and dipole Θ1k components of the temperature pertur-
bations can be connected with the perturbations of density and velocity. From one
hand side, the 00-component of the energy-momentum tensor in line with (6) is
T 00k = δρk(η). (40)
On the other hand, it can be expressed via a temperature perturbation [1]:
T 00k = 4ρr
∫
Θk(n,η)
d2n
4pi
. (41)
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Comparison of (40) and (41) gives Θ0k(η) =
1
4ρr
δρrk(η) =
1
4
δrk . Analogously,
in the first order of the perturbation theory, the components T0i take the form
T0 j =−a2(η)(ρr(η)+ pr(η))∂ jvr(η ,x), (42)
or
T
j
0k
=
4
3
ρr(η)ik jvrk(η). (43)
At the same time [1]
T
j
0k
=−4ρr
∫
n jΘk(n,η)
d2n
4pi
. (44)
As consequence of (38), (39), (43) and (44), one has vbk =−3iΘ1k =−ikvrk , and
Eq. (37) can be rewritten in the form of
Θ ′k− (ikµ + τ ′)Θk = eikµη+τ
d
dη
(
Θke
−ikµη−τ
)
= Sk , (45)
where Sk =−τ ′ δrk4 + τ ′ikµ vrk + ikµAk−A′k− k
2
6
(
3µ2− 1)F ′
k
.
Solution of Eq. (45) takes the form of
Θk(η0) =Θk(ηin)e
−iµk(ηin−η0)−τ(ηin)+τ(η0)+
∫ η0
ηin
Sk e
−iµk(η−η0)−τ(η)+τ(η0)dη ≈
∫ η0
ηin
e−τ(η)
(
−τ ′ δrk
4
− τ ′vrk
d
dη
−A′k−Ak
d
dη
−F
′
k
6
(
−3 d
2
dη2
− k2
))
e−ikµ(η−η0)dη , (46)
where η0 is the present day conformal time, ηin is some initial moment of time be-
fore the last scattering surface, when the universe was not transparent for light. The
terms containing e−τ(ηin) are omitted because the function e−τ(η) vanishes quickly
if η < ηr [3].
Using the integral (38) and the integral
∫ 1
−1
dµ
2
Pl(µ)e
−ikµ(η−η0) =
1
il
jl(k(η −η0)) (47)
leads to
Θlk(η0) =
∫ η0
ηin
e−τ(η)
((
−τ ′ 1
4
δrk −A′k+
F ′
k
k2
6
)
jl(k(η −η0))
−(τ ′vrk +Ak)k j′l(k(η −η0))+ F ′k2 k2 j′′l (k(η −η0))
)
dη . (48)
One may rewrite Eq. (48) in the terms of invariant potentials, densities and ve-
locities (29):
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Θlk(η0) =
∫ η0
ηin
e−τ(η)
(
−τ ′( δ˜rk
4
+Φk
)
jl(k(η −η0))
−τ ′v˜rkk j′l(k(η −η0))+ (Φ ′k +Ψ ′k ) jl(k(η −η0))
)
dη . (49)
The integrand expressions in (48) and (50) differ by a total derivative, which does
not contribute to the integral because e−τ(ηin) ≈ 0 at the lower limit, and the Bessel
function jl(0) = 0 for l > 0 at the upper limit.
According to (30), the invariant potentialsΨ and Φ equal zero in our simplified
consideration when only δrk(ηin) is nonzero. Thus, there is no the Sachs-Wolf effect
[2] and the expression (50) is reducible to
Θlk(η0) =
∫ η0
0
(−τ ′)e−τ(η)
(
δ˜rk
4
jl(k(η −η0))+ v˜rkk j′l(k(η −η0))
)
dη
≈ δ˜rk(ηr)
4
jl(k(ηr−η0))+ v˜rk(ηr)k j′l(k(ηr−η0)), (50)
where the fact is used that the visibility function g(η) =−τ ′e−τ(η) 6 is peaked near
last scattering surface ηr. On the other hand, the integral
∫
g(η)dη = 1, and thereby,
it is like the Dirac delta-function g(η) = δ (η −ηr).
Using the expressions for δ˜rk and v˜rk from (30), we obtain the expressions for
the coefficients
Cl =
2
pi
∫ ∞
0
<Θlk(η0)>
2 k2dk
=
2
pi
∫ ∞
0
∣∣∣∣∣
(
12H 2+ k2
)
cos
(
k(ηr−ηin)√
3
)
+ 3
√
3H k sin
(
k(ηr−ηin)√
3
)
4(3H 2+ k2)
jl(k(ηr−η0))
+
9H k cos
(
k(ηr−ηin)√
3
)
−√3(12H 2+ k2) sin( k(ηr−ηin)√
3
)
4(3H 2+ k2)
j′l(k(ηr−η0))
∣∣∣∣∣
2
P(k,ηin)
dk
k
, (51)
where P(k,ηin) = k
3 < δrk(ηin)δ
∗
rk(ηin) > is a primordial fluid spectrum which
serves as an initial condition for the plasma perturbations considered in the previous
section.
6 The visibility function gives the probability of a CMB photon scattering out of the line of sight
within of a dη−layer on the last scattering surface [1].
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3.1 Effect of the Finite Thickness of the Last Scattering Surface
A real-world visibility function g(η) is not exactly the Dirac delta-function, but it
is smeared over a finite region of η . One may approximately assume that it has the
Gaussian form
g(η) =−τ ′(η)exp(−τ) = 1
∆ηr
√
2pi
exp
(
− (η−ηr)
2
2∆η2r
)
, (52)
where ∆ηr is a width of the last scattering surface. That corresponds to
τ(η) =− ln
(
1
2
+
1
2
erf
(
η−ηr√
2∆ηr
))
. (53)
Let us consider the exact integral∫ ∞
−∞
g(η)eik(η−η
∗)dη = exp
(−k2∆η2r /2)eik(ηr−η∗). (54)
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Fig. 1 Visibility function g(η) =−τ ′(η)exp(−τ) for different baryon density (32) a) Ωb = 0.03,
b) Ωb = 0.3 (solid curves). Dashed curves are Gaussian approximations (52) with a) ∆ηr = 0.05
and b) ∆ηr = 0.03.
.
As it is seen (Eq. 54), the variable η is changed by ηr in the expression e
ik(η−η∗)
after integration, and besides a suppression factor appears.
The expression (50) contains the exponents ei(k±k/
√
3)η originating from both
Bessel functions and δ˜k . Thus, the suppression factor e
−(k±k/√3)2∆η2r /2 appears in
(50) as a result of integration, which has to be introduced into the integrand of (51).
The overall damping factor originates from both Silk dumping and finite width of
the last scattering surface, but the last gives the main contribution. The calculation
of the last scattering surface width has to take into account the process of hydrogen
recombination. In the standard ΛCDM model, one needs using the kinetic equa-
tions involving at least three levels of the hydrogen atom. The Milne-like universe
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Fig. 2 Calculated damping factor due to finite width of the last scattering surface
D(k) =
(∫ η0
0 g(η)
(
δ˜rk (η)
4
jl(k(η −η0))+ v˜rk (η)k j′l(k(η −η0))
)
dη
)2
/
(
δ˜rk (ηr)
4
jl(k(ηr −
η0))+ v˜rk(ηr)k j
′
l(k(ηr−η0))
)2
for ∆ηr = 0.03, l = 300. Dashed and solid curves correspond to
D(k) = exp
(−(k+ k/√3)2∆η2r ) and D(k) = exp(−(k− k/√3)2∆η2r ) respectively.
.
expands at
√
zr− times slower than the standard ΛCDM one. Thus, the Saha equi-
librium equation [1, 3]
npne
nH
=
X2e
1−Xenb =
(
Tme
2pi
)3/2
exp
(
−BH
T
)
(55)
is a good estimation, where np is a proton density, and nH is a density of neutral
atoms.
Eq. (55) allows obtaining the hydrogen ionization degreeXe = np/nb, where nb=
np+ nH . An optical depth [1] is calculated as
τ(η) = σT
∫ η0
η
nb(η
′)Xe(η ′)a(η ′)dη ′, (56)
where nb scales as nb(η) = nb0/a
3(η) and nb0 is given by (32). The visibility func-
tion for different values of the matter density is shown in Fig. 1. As one can see
the width ∆ηr of the Gaussian approximation is 0.05 for Ωb = 0.03 and 0.03 for
Ωb = 0.3. In the last case, the visibility function has non-Gaussian shape. However,
the initial stage of recombination affects mainly the “left front” of the visibility
function which becomes “sharper” and can be approximated by a Gaussian function
shown in Fig. 1 b.
The expression (54) is exact only for averaging of the exponent, however it is
approximately valid and for more complicated expressions like the integrand of (50).
As one can see from Fig. 2, the lowest suppression factor e−(k−k/
√
3)2∆η2r /2 should
be taken for the calculations.
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4 Results and discussion
A distance from the last scattering surface to the present time observer is η0−ηr.
For the Milne-like universe (12) these distances are η0 =
1
H
ln 1
B
and ηr =
1
H
ln ar
B
respectively. Thus, one has η0−ηr ∼H −1 lnzr ∼ 7H −1 independent of B.
Fig. 3 Schematic representation of the time scales in the a) standard ΛCDM and b) linear cos-
mologies respectively.
To calculate the spectrum according to (51), one needs knowing the initial spec-
trum. The standard model of cosmological inflation gives almost flat spectrum, i.e.,
P(k)≈ const and the oscillations in the observed CMB anisotropy spectrum are in-
terpreted as a result of acoustic oscillation of the photon-baryon plasma. There is a
principled difference between the standard model and the linear cosmology consid-
ered here. In the standard model, the typical angular scale is θ ∼ ηr−ηinη0−ηr ∼
ηr
η0
. As a
consequence of ηr << η0 in the ΛCDMmodel, one may obtain the angular scale of
θ ∼ 1o coinciding with the experimental one. In the linear cosmology ηr ∼ η0 (see
scheme in Fig. 4) and the spectrum oscillations should have another origin. In par-
ticular, they could originate from the oscillations of the initial spectrum P(k,ηin),
which can be taken in the form
P(k,ηin) = 3× 10−7|sinkηin|2. (57)
For the dependence (12), one has to take ηin ∼ 0.06 to obtain experimentally ob-
served angular scale, that gives θ ∼ ηinη0−ηr ∼ 0.4
o.
It is easy to calculate cosmic (i.e. physical) time tin corresponding to the con-
formal time ηin. Integrating with (12) gives tin =
∫ ηin
0 a(η)dη ≈ Bηin, where it
is taken into account that H ηin ≪ 1. For instance, taking ηin = 0.06/H and
B = 3.8× 10−38 gives tin = 5.9× 10−22 s, which corresponds to the lifetime of
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the Higgs boson tH = 2pi/ΓH , where ΓH = 7 MeV . Here, it is implied that Higgs
bosons are created initially [28], then decay into another particles and, finally, into
the baryons and photons. Taking another value of B one requires connectingηin with
another physical process.
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Fig. 4 a) Initial spectrum multiplied by the all the damping factors, i.e., the resulting spectrum
P(k) = 3× 10−7| sin0.06k|2 exp(−k2/2002), which reproduces the observational data qualita-
tively. b) Rising initial spectrum P(k) = 3× 10−7| sin0.06k|2 exp(k2/872). It is seen, that the
perturbations with k > 350H lie in the nonlinear region, because P(k) > 1.
The initial spectrum (57) has to be multiplied by the damping factor7
D(k)≈ exp
(
−(k− k/
√
3)2∆η2r
)
≈ exp(−k2/80) . (58)
and substituted into Eq. (51). We do not predict absolute values, and the coefficient
in (57) is taken to reproduce only highest first CMB peak. The result, shown in
Fig. 5 (a) demonstrates a too strong suppression of higher harmonics in comparison
with the observational data. To improve the agreement, one may take a rising initial
spectrum
P(k,ηin) = 3× 10−7|sinkηin|2 exp
(
k2/κ2in
)
. (59)
with κin = 87 in order to obtain the overall damping factor about of exp
(−k2/2002),
because 80−2− 87−2 ≈ 200−2.
The result of calculation with this formula is shown in Fig. 5 (b). The Planck-
satellite data give a very precise measurement of the CMB anisotropy [2, 29–31].
One can see the qualitative coincidence with the spectrum observed by the Planck-
satellite. The positions of the peaks are shifted relatively observed ones. However,
it is no wonder because the model considered is rough and requires further develop-
ment. At least, the model needs taking into account the baryonic content explicitly.
Of course, no analytic solutions for perturbations could be found with this compli-
cation. The Silk dumping and the finite width of the last scattering surface have to
be taken into account more accurately. Besides, more complicated models of the
initial spectrum have to be considered.
7 The case of the best agreement with the observational data is considered: Ωm = 0.3, ∆ηr = 0.03.
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Fig. 5 Cosmic microwave anisotropy spectrum calculated within the framework of the linear
Milne-like cosmology (gray noisy curve). Black curve corresponds to the “Planck”-satellite data
[30]. The quantities Cl are dimensionless (the multiplication by the squared present CMB temper-
ature gives the dimensional Cl ). a) corresponds to the initial spectrum (57), b) corresponds to the
rising spectrum (59).
From a fundamental point of view, it could imagine some breathtaking physics
like the inflation theory. However, it could be quite different, because the inflation
cannot produce, a “violet”, i.e., rising with k, initial spectrum (59). In principle,
the linear cosmology needs no inflation, because the scales of perturbations modes
always remain within the horizon and there is no need in any model like inflation
for the superhorizon spectral modes. Thus, the liner universe seems in some sense
simpler compared to the standard ΛCDM model. However, the most fundamental
problem of the linear cosmology is a requirement of more accurate consideration
of vacuum perturbations with taking into account the quantum properties of the
vacuum. The above simple model of vacuum as a fluid with the equation of state
w=−1/3 is an only very rough heuristic approximation.
Unfortunately, well-known software packages such as CAMB [32] and CMB-
FAST [33] are absolutely useless for the calculation of CMB spectrum in the linear
cosmology because they assume a quite different formationmechanism for the CMB
spectrum peaks. It seems that the tools for the ionization history analysis, such as
RECFAST [34], also have to be modified to take into account more than three lev-
els of the hydrogen atom. It results from the fact that partially ionized hydrogen
plasma is closer to thermal equilibrium due to the slower expansion of the Milne-
like universe and, thereby, more hydrogen levels are populated. It seems that the
pure equilibrium Saha formula used above gives a sufficiently good approximation
in this case.
It should also to do some notes about distortion of the CMB spectrum from
blackbody one [35]. The expected distortion of the spectrum caused by hydrogen
recombination should be mach smaller than that in the ΛCDM model.
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Appendix
The expression for the perturbation of the vacuum density is given by
δρvk =
B2H 3Mp
2e−4ηH
8ρr02 (3H 2+ k2)
(
−C1
(
B2H Mp
2e2ηH (3H 2+ 2i
√
3H k− k2)
−6H ρr0+ 2i
√
3kρr0
)
e
−i ηk√
3 +C2
(−B2H Mp2e2ηH (3H 2− 2i√3H k− k2)
+6H ρr0+ 2i
√
3kρr0
)
e
i
ηk√
3
)
+
B2H 3Mp
2e−2ηH
4ρr0 (3H 2+ k2)
(
C3(3H + i
√
3k)e
−i ηk√
3
+C4(3H − i
√
3k)e
i
ηk√
3
)
− k
4Mp
2e−3ηH
18B2
(
Z1e
−η
√
H 2+ k
2
3 +Z2e
η
√
H 2+ k
2
3
)
,
Then
Vvk =−
B2H 2M2pe
−4ηH
24ρ2r0 (3H
2k+ k3)
(
C1
(
B2H kMp
2e2ηH (3H 2+ 2i
√
3H k− k2)
−2iρr0(6
√
3H 2− 3iH k+
√
3k2)
)
e
−i ηk√
3 +C2
(
B2H kMp
2e2ηH (3H 2
−2i
√
3H k− k2)+ 2iρr0(6
√
3H 2+ 3iH k+
√
3k2)
)
e
i
ηk√
3
)
+
B2H 2Mp
2e−2ηH
12ρr0 (3H 2+ k2)
(
C3(3H + i
√
3k)e
−i ηk√
3 +C4(3H − i
√
3k)e
i
ηk√
3
)
+
k2Mp
2e−3ηH
54B2
(
Z1
(√
3
√
3H 2+ k2+ 3H
)
e
−η
√
H 2+ k
2
3
+Z2
(√
3
√
3H 2+ k2− 3H )eη√H 2+ k23 ),
Fk =
B4e−2ηH
4ρr02 (3H 2k+ k3)
(
C1
(
B2H Mp
2e2ηH (−3i
√
3H 2+ 6H k
+i
√
3k2)− 6i
√
3H ρr0− 6kρr0
)
e
−i ηk√
3 +C2
(
B2H Mp
2e2ηH (3i
√
3H 2
+6H k− i
√
3k2)+ 6i
√
3H ρr0− 6kρr0
)
e
i
ηk√
3
)
− 3B
4
2kρr0 (3H 2+ k2)(
C3(k− i
√
3H )e
−i ηk√
3 +C4(k+ i
√
3H )e
i
ηk√
3
)
+ e−H η
(
Z1e
− η
√
3H 2+k2√
3
+Z2e
η
√
3H 2+k2√
3
)
,
Ak =
e−2ηH
24ρ2r0
(
C1
(−6B4ρr0+B6H Mp2e2ηH (3H + i√3k))e−i ηk√3
+C2
(−6B4ρr0+B6H Mp2e2ηH (3H − i√3k))ei ηk√3
)
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− B
4
4ρr0
(
C3e
− iηk√
3 +C4e
iηk√
3
)
.
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